Chapter 9 Transient Response




Chapter 9: Outline

Transient Response (in Time)

The response before steady state.

Affected by Natural response and Forced Response

(by either or both energy sources)

< YO =y, O+ Y. ()= 4 A +y, (1)

i=1

l

First Order Circuit
Zero input, step, Pulse, Switched DC, Switched AC
}
Second Order Circuit
Zero input = Over-damped (two real distinct roots),
Under damped (complex conjugate roots),
Critically damped (repeated roots)

l

Switched DC




First-Order Transients




First-Order Circuits

e First order circuits: Circuits contain only one
Inductor or one capacitor, governed by first-order
differential equations.

e Zero-input response: the circuit has no applied
source after acertain time. It is determined by
natural response and the initial condition.

e Zero-state response: the circuit has no initial stored
energy.
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RC First-Order Circuits

t =tg

Q|

C —~ Uc

(a) Switched RC circuit

At t=t,,v. =V,, W, =

—O/ﬂ +

(b) Circuit for t > ¢,

1

Ec:voz,iC =0

For t >t,, zeroinput response RCv{ +v. =0

characteristic equation: RCs+1=0

1
RC t

S=-

1 .
© - — (t :timeconstant)




RC First-Order Circuits

Uc(t)

V- (t) = Ae', t>t,
Ve(ty) =Ve(ty) =V, = Ae ™"

— ty/t

Vo (1) =V,e T >t

. V)
i.(t)=Cvl=- Eoe >t




RC First-Order Circuits

Dissipated power by the resistor R

5
D2 — ) - 2(t-1)/RC
P =Rig = g_:e R g ¢
7]

Capacitor' sinitial stored energy




RL First-Order Circuits
(structural dual of the RC circuit)

a0, .
o . c—Hg%+i =0
t:toy\ \JJI;L eRﬂ
Io 0 + o _ %-O
<A> RS v, o Characteridic equation : 8E,§S+1:O
S=- Ro 1 (t :%:timeconstant)

i () =1, t>t,

L) =i ) =1,

v, (t)=Li¢=-Rl e """ t >t




Genera First-Order Circuits

|
t =7 (If t<0, then the circuit is unstable)
1

zeroinput response : y(t) = Y,e 0 >t
Y, = y(t;), (capacitor voltage or inductor current)

Yo
Initial slope=-Y,/t 0

—
y(t) :
I
I
I
0.007Y)

Oto to : bt ¢




Example 9.1: Zero-Input Response

S 60 mH

10 Q
g —
t=0 +
+ B
25V "o v 400
_ &
R, =10+ 40(W)

t =L/R, =1.2ms

i(0") =i(0") =25A
i(t)=25e""At>0
v(t) =- 40i(t) =- 100e "'V ,t >0




Step Response

e Step response: response to a step input (OFF to ON)
with zero initial conditions.

u(t) Kul(t - tg)
K

1 _—V
¥\DC steady stater—

<« t 0 to t
— Zero initial energy
(a) The unit step u(t) (b) Ku(t —ty)

i0,t<0 i0,t-t. <0
ut) =i Ku(t- t,) =i °
1Lt>0 TK,t-t,>0

For alinear time-invariant circuit (LT1), the response to Ku(t-ty) Is
smply Ky(t-tg), where y(t) 1S the unit step response.




First-Order RC Circuit
R, théveniri

4V ®

Voelt) = -
V,ult —tp) LC +

tv{ +v, =V (nonhomogeneousdiff. eq.)

Ve()=Vg + A", t =R,C

initial condition v, (t;)=0b A=-Ve""

Ve (t) :Vss[l- g (ot ],t >t,, Vg :Steady statevoltage




First-Order RL Circuit

isc(t) -

Iss”(t_tf}) :
@ Reg <> 1L SL

L
g (1) = Tsu(t- 1)
i (t) = |SS[1- g (o)t ],t > 1,

t =L/R,

| . : Steady statecurrent

1~
L -

| .
Norton; + %I’L




Genera First-Order Circuits

(t)
’ Steady
Transient

y(t) :YSS[]'_ g ()t ],t >t,

to lg+7
(a) Step response waveform

y(t)

yt) =Yy, t® ¥ (afterst)

Initial slope:\t(—ss

5 toreach steady state
rise time (10%-90%) » 2.2

(h) Expand view




Example: Step Response of an RC Circuit

e L sty b r—— = 24— =
[ O I\l P I /\/ o
I t=0 ' w] | w
1 . l i + 8u|(t) Vv |l 4
1PV == c6ka  c==v l i) | Co=v
1 I I I _
| | . | |
I — I | i
——————————— o e o e m— m—
(a) Circuit for Example 9.2 (b) Equivalent circuit
t :Rm>C:O.1s g =0.5s

v(t) =8(1- eV, t>0 v(%)=8(1-e°)»8
i(t)=4e"mA t>0 i(3)=4e°»27TM® 0




Pulse Response

e Pulse response: zero-sate response with arectangular
pulse excitation. Require initial value, steady state
value and time constant.

Step response (zero state)

Zero input
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(a) T<<D

(D) » Yy Y

Pulse Response

I
%-<
~— | —




Example 9.3: Analysis of a Relay Driver

SFC’)‘LJJ'fCee Rceolﬁy i (1) mA I{ Relay aActuatecl |
A~ 200 s :
Us(t) 10Q 150 2 ' // : 150 N :
C) b s N l
* 400 mH S / : : N | 40
5\/ 30mS ° 0 T = I16 tll D =30 46 t|2 t, ms
(a) Relay driver (b) Current waveform
t =L/R, =16ms
Norton : | =5/25=200mA i, (t) =169¢ (30718 mA t >30ms
i (1)=200(1- e"**)mA, 0<t£30ms i (53.1ms)=40mA
I, (22.2ms) =150mA total actuate time

I, (30ms) =169mA =53.1-22.2=30.9ms




Switched DC Transients

e Switched DC transients: the source switches from one
constant to another constant.

Choose astate variable (v, or i, )

Find initial valueY, = y(t;) = y(t;)

Find steady state value Y

Find timecongtant t (Thevenin/ Norton)

tyC+ y =Y, t >t

y(t) = Yt Ae'" = Yt (Yo ) Yss)e- o , 121,

Other circuit variables aresimilarly derived from state variables
(may not have continuity )




General DC Response

V() =Y +(¥p - Ys)& "
t = RC for seriesRC circuits

t :% for parallel RL circuits

Zeroinput response: Y. =0b y(t) =Yg 0"
Step response: Y, =0b y(t) = Yy (1- & 2" )




Example 9.4: Sequential Switched
Transients

t=1s t=0 .
l
—>
O &
12 kQ <& 8 kQ +
24 kQ 100 uF == v
+ —
60V "= 16V -
- + |
(a) Circuit with sequential switching
—> i
8 kQ ! + 48kQ <& ! N
24 kQ <& 100 uF =< v s 24 kQ 100 uF =< v
16V —/— a 144V = B
+ J—
(h) Equivalent circuit for 0 < < 1s (c) Equivalent circuit for ¢ > 1s

f

Part (1) Part (11)




Example 9.4: Sequential Switched
Transients (Part (1))

(00]
>
@)

R Y

>

@)

A, :

)

O

=

=

\

A

I <@ 4+

(b) Equivalent circuit for 0 < < 1s

V, =v(0") =v(0")

8
24
V.= =-12V
=5 8+ 24
SS:-16 1 :-O.SmA
8+ 24

R, =8| 24 = 6kw

t =6kx00m=0.6s

V(t) =V +(V, - Vg )e!" =-12+12e V%%
i) =le+(l,- 1)e"" =-0.5-1.5e"°mA




Example 9.4: Sequential Switched
Transients (Part (11))

V, =v(l") =v(1)=-9.73vV

—
sl ! - 1, =if")=5.03mA

s 24 kQ <& 100 uF =< v
14.4V = - V12V
| = 0.5mMA
(c) Equivalent circuit for > 1s &q = AW
t =04s
v(t) =12- 21.73e VY

i(t) =0.5+4.53- 1.5e “ "% mA




Example 9.4: Sequential Switched
Transients

v(t), V i(£), mA 5.03
].2 l____W ________
i
/]
/]
06 | '/ 0 06 05
[ i ! |
0 | 1.0: J 1.4 ¢ 05F————>——==)L :
\\\ : | /—0.783
|
AN -2.0 ¢
N -9.73
12 b2 N

(d) Switched waveforms




Switched AC Transients




Switched AC Transients

e The parameter of an ac source undergoes an abrupt change.

e Analysisisthe same as switched dc transients, except that
the force response is different.

DC Response .

tyCty =Yg, t>1

Y(t) = Yes + (Yo - Yes)€ ", t >t
AC Response .

Yo ® Ve (t) =Y, cos(wt +f )
Use phasor analysisto obtain y, (t)




Switched AC Transients

AC Response .

y(t) = ye (1) + Ae, t>1,

Y(ts) = Y (t) + Ae " =Y,

y() = Ve )+ (Y, - Ve ()", 1>t

y(t) ® seady state (. (1)) after &
Use phasor analysis to obtain y, (t)




Example 9.5: Transientsin an AM
(amplitude modulation) Radio Signal

N Phasor analysisfort <O:
i
b5t + I=—°  —02AD- 30°
L=1H] v 26+ j15

b i(t) =0.2cos(15t - 30°)
V = j15] = 3vb60°
(a) Circuit with switched ac source b v(t) = 3cos(15t + 600)
i 6c0s15t. t <0 I, =i(0") =i(0") =0.2cos(- 30°) =0.173A
vs(t) :%'120051&, t>0  Vo=V0")=vs(07)- 26%(07) = 7.5V




Example 9.5: (Cont.)

1
I =—
fort>0 265

i (t) =0.4cos(15t - 30°) i(t) = 0.4cos(15t - 30°) - 0.173e A

V. (t) = 6cos(15t + 600) v(t) = 6¢cos(15t +60°) +4.5e" 'V
5 » T—O
2

W =15

i(t) o(t)
7.5

I AL
ARV VY

(b) Waveforms




Second-Order Natural Response




Second-Order Circuits

e A second-order circuit contains two
Independent energy storage elements (i.e.,
Inductors or capacitors).

e First-order transient is characterized by
decaying exponentials. Second order natural
response Includes overdamped, underdamped
and critically damped behaviors.

e Capacitor voltages and inductor currents are
state variables.




Series LRC Circuit

UL UR
+ - +
—LD'E‘ ll\%,icé, State vavriables 1, V.
Us ' +
* C==v di d°v
CD ° Example:v, =L—-=LC—%
dt at
KVL: v =V, +V,+V,
1 1

v+ —vl+——v. =

AT T
or |L¢+—iEt+L—|L:vg
or V@"‘BVS:‘FLVLZLV&

L LC LC
b All circuit variablesshare the same form of natural response




Parallel CRL Circuit

@ vc ==C SR SL

e e [a

Based on KCL, we have

. 1 . 1 . 1 .
G+ —jC+—— | =—"—|
" RC" LC" LC°®

1 1 1.
or v+ —vl+—v. =—I
¢ ch LC © c:g




Genera Form of Second-Order Circuits

y®+ 2ayCrw,y = f (t)

For parallel CRL :a :i,wj -1
2RC LC

2
1W - —
°LC

For seriesLRC :a ZEL L

W, : resonant frequency




Example 9.6: Second-Order Circuit
with Two Inductors

KCI; :\, R KCL/ _;\‘
| W S —_— =t |
. ‘r L T/ .
11 I ,l: x%"‘ 3’24'7
e | +
I
ORE SR, L3 v,
[ I
1 | o
| KVL |
S ———— &

Pick 1,, I, as state variables.




Example 9.6: (Cont.)

\|, in?: ins ) inl ) inz
1Lig= (R+R)i, - (R+R)i;- Ri,
In matrix form (state equation) :

e (R*R) _Ru  &R+R).
gfm:? L |-1u§|1U+? L U
Gt e R Rade R, ¢

§ L LA & L H

Can be generalized to n-th order circuits.




Example 9.6: (Cont.)

In theform of an n-thorder differential equation :

&R R+R*—| 5@
L L LlL L,

b ig+2aig+wi, :%i(t
2

if R® ¥,then(L, +L,)i$+Ri,=Lji¢
L, =1 =1, - I
First order circuit, energy storedin L, and L, arerelated.




Example 9.7: Second-Order with a
Controlled Source (Phase-Shift Oscillator)

ve ~ UL,

+ I/ — {'\ + — o o — o
—> I(; \T__+__L___: + +
tc | 'Ly, Kuv,

3147 2|R Ul :2R Ux U{Hﬁf
| |
o l B _
O .I. ________ ® '®)

iL — Vx — Vou 2a W02
R KR {
V%t'l'R(? I; +1 K(_:)Vc()Et-l_ Vout =0
L eRC g LC




Second-Order Natural Response

y§+2ayg +wyy, =0
s’ +2as+w. =0
P, P, : roots, characteristic values,
natural frequencies, eigen values,...€etc.

— 2 2
pl’ pz_-a i\/a -WO

yu(t) = Ae™ + Ae” (pt p,)
A, A aredetermined by 2initial conditins.




Second-Order Natural Response

P P, =-aya’- w

overdamped :a ° >w; (distinct real roots)
underdamped :a * <w; (complex conjugate roots)
critically damped :a * =w_ (repeated roots)

In some books:

lossless:a =0 (iImaginary roots)




Im 4

a’<w
Underdamped
V-4
a=w; R
/
Critically damped Wy
¢ E \
*
\
\C
Overdamped T~e d
a’>w;

Fix w,, decrease a

Losdess a =0

/

Re

®
W Unstable
a<o




Overdamped Response

a>0pb sable(i.e.,y,(t)® 0 ast® ¥)




Example 9.8: Natural Response of a

Series LRC Circuit
. R. 1 .
II(‘HH_IIS:-FEIL =0
L=01H,R=14W.C :iF
400

s’ +140s+4000=0

t,t,=25ms10ms
IL(t) — Ale- 40t + Aze-loOt




Underdamped Response

p1:'a+jwd’ P, = p1*:'a' de

W, :\/wo2 - a’: damped frequency

a . damping coefficient

y, () =e ' (Ae™ + Ae ™)  (must bered)
A =AY

Vi () =|Ale ™ cos(w,t +DA)

two initial conditions required for two unknowns
if a =0(lossless), y, (t) = 2|A|cos(w,t + DA)




2 1A

Underdamped Response




Example 9.9: Natural Response of a
Phase-Shift Oscillator

From example 9.7 Last indefinitely

a =5000(25- K),w2 =10° /
K =25, a =0, v, (t) = 2A|cos(10000t + DA)

K =2, a =2500, w, = 9680,V,, (t) = 2 Ale" > cos(9680t + DA))
K =3, a =-2500, w, = 9680,V,,(t) = 2|A[e*™" cos(9680t + DA)

?

Unstable




Critically Damped Response
(Repeated Roots)

1/
solution : y,, (t) = a(t)e™
b a(t) = A+ At
Y(t) = A +Ate™




Please refer to Table 9.1.




Second-Order Transients




Second-Order Transients

e Two Initial conditions are required for second-order
circuits.

Continuity for state variables:v.(0") =v.(0"),i, (0") =i, (0")
v (07)
L

If v.(0") andi, (0") areknown, v&(0") = iC(g) AH07) =

X/

Initial lope




Example 9.10 Calculating Initial Conditions

UL UR
+ - + -
N
L R icl
Ug L +

IVt <0 v, =0,ic =0,t<0

V. =
STIV,LE>0 P i(07)=0,(0)=0,v(07) = v (0) =V,




Example 9.10 Calculating Initial Conditions

(0= 10 = (- R0 v (0) = (V- V)

+_1- +:1- ) —
VE(0") = Jic(0) = £ (07) =0
Then

vH0") =- Ri¢(0") - v&(0") = R(VZL- E




Switched DC Transients

e Switched DC transients for the three types of second-
order circuits (overdamped, underdamped and
critically damped).

e Similar to first order circuits;

y@+ 2ayCrwiy =wgYeg,t >0
Y(t) = Yss + Yy (t),t >0




Switched DC Transients. Overdamped

p,p,=-a i\/az- W,

Y () = Ae™ + Ae™

y(t) =Y + Ae™ + Ae” 1 >0
y(0') =Ys+tA+A

y&0) = pA + p,A

él 1 ugAu_ éy(O*) i Yssl\;'

—e u
gp1 pzﬁAzH ay€0™")




Switched DC Transients. Underdamped

P, P, =-a£|w; =-a i\/W02' a’
(Same asin the overdamped case)
y(t) =Yg +2Ale ™ cos(wyt +DA),t >0




Switched DC Transients: Critically
Damped

=P, =-a
y(t) =Y+ A + Ate® t >0
y€t) =-aAe® + Ae? - aAte®
P A =y(0")- Ys

A, = y&0') +aA,




Example 9.11: Underdamped Zero-
|nput Response

130V,t <0
SeriesLRCwitha = 25,w; = 6400, v,(t) =1
TOV,t>0
pl’p2:_25-|—-j76
I, (07)=0,i%0") :%VL(O+) :E(O- 30) =-300
é 1 1 ueAu a(O) | U
A . = >
€ 25+j76 - 25- j76MEA Y 560°)

A =1.974AD90°
i, (t) =3.95e % cog(76t +90°)At >0




Example 9.11: (Cont.)

Ringing




Example 9.12: Step Response with
Variable Damping (Series LRC)
v.(t) = 30u(t) = | - <P
+30,t >0
a =5R,w? = 6400
V, =0V, =30 =V
vc(07) =0,v&(0") =0

M aybe overdamped, underdamped and critically damped,

depending on R.




Example 9.12: (Cont.)

(1) overdamped : R=34,a =170

P, p, =-20,- 320

el 1ueA1u a/(O)Vu_QBO
& 20 -3208AH aL0) § D

A =-32,A =2
v (t) =30- 326 ® + 263 t >0

O




Example 9.12: (Cont.)

(1) overdamped: R =5,a =25
P, P, =-25% |76

e 1 1 ueA&u é 30u
€ 25+j76 - 25- j76lRA Y & U
A =15.8D161.8°

V. (t) =30+ 31.6e ** cog(76t +161.8°)V,t >0




Example 9.12: (Cont.)

(111) critically damped: R=16,a =80
A=V (07)- Vg =-30

A, =vg(o") +aA, =- 2400

V. (t) =30- 30e ™ - 2400te *'V,t >0




Example 9.12: (Cont.)

Overshoot

30VE—o————

Overdamped
Critically damped

Underdamped




Chapter 9: Problem Set

e 1,5 7,13, 16, 20, 21, 24, 30, 41, 44, 46, 52,
60.




