Chapter 11 Freguency Response
and Filters




Chapter 11: Outline

Complex Frequency = Real Frequency =
Frequency Response (amplitude and phase)
Plots of Frequency Response
Filters (frequency selectivity)
Characteristics: Low, High, Bandpass and Notch

Active Filters (implemented with op-amps)

l

Bode Plots (approx. interpretation and build up)




Complex Freguency

e Complex frequency: oscillating voltages or
currents with exponential amplitudes.
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Generalized Impedance and Admittance
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(a) Load network (b) s-domain diagram
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Generalized Impedance and Admittance

i 1
s —>

o ) " e ) °

+ L + sL

v RS C===PV RS %::
o . o :




Network Function

e Any response forced by a complex-frequency
excitation.
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Network Function (Rational)
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| mpedance and admittance are special cases.




Network Function
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Freqguency Response




H(s) ® H(jw)
Frequency Response

e Freguency response is the forced response of a circuit
to asinusoid ac waveform of a particular frequency.
Amplitude ratio and phase shift are typically used to

characterize frequency response.
e Transfer function vs. phasor analysl S:
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Frequency Response

X(t) = Xm cos(wt +f x) = RellethJ
y(t) = Y. cos(wt +f y) = Re[XeJ'wt]

a(w) ° [H(jw) :Ym/ X 1y :Amplitude ratio

g(w)° bH(jw) =f :Phase shift

y'fx

Functions of frequency




1.0 ¢

O(w)
0° ¢

-90°

10

20

30

» —90°




Superposition

e Superposition for waveforms at different
frequencies:

X(t) = X, cog(w,t +f,) + X, cos(w,t +f,) +---
y(t) = a(w,) X, cos(w,t +q (w,) +f ) +a(w,) X, cos(w,t +q(w,) +f ) +---

-> Phasor analysis at different frequencies




Example 11.1: A Freguency-Selective Network

O ,U\ ¢ O H (S) — \\i/out — Llj - b H (jW) _ 404:-0.
t 02HL + V,, s o iw
- (
a(w) =|H (jw) = NT 3
Vin 8WR < Uout 600+w b = 20,300
1 W
w)=PH(jw)=-tant—
q(w) =BPH(jw)= 20 b
O )\ O Vo (t) =8.94c0s(20t - 26.6°) +1.32co5(300t - 82.4°)

V,, =10cos20t +10cos300t




Frequency Response Curves

e Plots of amplitude ratio and phase shift vs. frequency.
They can be obtained by analytical method or
graphical method.
iw- ajw- 7
W= pyiw - py|
a(w) =DK +[B(jw- z)+B(jw- z,)+--]- [P(jw- p,)+D(jw- p,)+--]
At very high frequency (W ® ¥):

a(w) :\K\‘

i|K|,m=n
%O,m<n

q(w)=DPK +(m- n)" 90°

a(w) =




Example 11.2: An All-Pass Network
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(a) All-pass network (b) Pole—zero pattern
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H(s)=—%-=-— 25 K - Wherea=——
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. 1 jw- a
H(jw) =- =
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Example 11.2: An All-Pass Network

0(w)
0° T _
|
90° - —— — = l
1800 —> _180°
(¢) Phase shift versus @
e — L
a(w) =|H(jw)) =5 (all pass)
q(w) =DPH(jw)= tan'%? o tan-l?_VQ: - Ztm'lgg—vg
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Q: What does non-linear

phase do?

A: Waveform Distortion




Non-Linear Phase

X(t) = X, cos(w,t) + X, cos(w,t)
= X, cosw, (t + 1)) + X, cosqw, (t + L))

1 W2

= X, cos(w, (t+t )+ X, cos(w, (t +t ), only If q(w) = kw




Example 11.3: Freguency-Response
Calculations (Analytic Method)

1H(s) = '

() = 2025+ jw)
(500- w?) + j 20w
207625 +W?

(500- W2)2 + 400w°

a W 4 20w

w) =tan' ' — - tan ‘w? <500
a(w) 25 500- w?

a(w) = \/

20w
00-w

= tan' " +180° + tan"? W2 >500
o5 2




Example 11.3 (Graphical Method)

K =20
Z =-25
P, P, =-10% |20
aw)=20 -2
jw- p|jw- p,|
qw)=Db(jw- z)-D(jw- p)- B(jw- p,)
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Example 11.3 (Cont.)
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o a(w) =a(-w)
q(-w)=-q(w)
odd
907 |- _ o Tablel1.2




Filters




Filters

e Filters are frequency-selective networks that pass certain
frequencies but suppress/reject the others.

e Four common categories: lowpass, highpass, bandpass and

notch.

e A positive gain constant K Is assumed.

e |deal lowpassfilter, ideal highpassfilter, cutoff frequency,
passband and stop band.

a(w)
K

Passband

Stopband

a(w)
K

Stopband Passband

0

wCO

(a) Ideal lowpass filter

W 0 OJN ®

(b) Ideal highpass filter




First-Order Lowpass Filter

Kw K

ww_ 1+ jw/w,)

K ispositive (low freguency gain)




First-Order Lowpass Filter

alp(w)

(a) s—plane diagram
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(b) Frequency response curves




First-Order Highpass Filter

Ks
th(S):S+W
. Kjw K
P H, (Jw)= =
hp(J ) jW+Wco 1- j(Wco/W)
K
W)=
ahp( ) \/1+(WCO/W)2
A We
th(W) = - tan '

K :highfreguency gain




First-Order Highpass Filter

ahp(ﬂ))

90°
—w o
co A5° x\
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(a) s—plane diagram (b) Frequency response curves




radian frequency w Vvs. cyclical frequency f

w=2f
w/ w =1/,




First-Order Filter Networks

0 4y, o o 0 ) 6 0
+ + + +
R L K =
Vin C — Uou Vin R Uou - TN A
4 2 t l, 1 S i RC

_ _ _ _ \Wco -, 0= |
O = O O o e N o _t, / T L/ R

(a) Lowpass filters For example:

RC lowpassfilter

o I( 2 o o N, o o
tC * * R * 1 1
Uin R 2 Uout Uin L @ Vout \@ — SC — RC
B B B B \lin R+ i S+ i
o o o o . o sC RC

(b) Highpass filters




Example 11.4: Parallel Filter Network

o H(s) ===
‘ I_in S+ —
CZD Re ve=<cC H(jw)s= = :
_ jw+— 1- |——
RC RCw
) K :]"WCO —i




Example 11.5: Design of alLowpass Filter

Amplifier Loudspeaker

|%

—_
+ 1 . RL:
T~ V
C—D sC o0a S Yo

Design alow pass filter with f_, around 4 KHz

P 2P G./C Kw,

V. SC+G,+G, S+(G.+G,)/C s+w_

—S




Example 11.5: (Cont.)

H(S _\lout — GS G /|C KWC0
V., sC+G,+G, S+(G +G)/C S+W_

G, +G,

W, =—3 = =2pf _=2p X4KHz

. C 400 pt, =2p

K= S, =0.8 (loading effect)
C;\'S-l_C:\'L

:iwco»lrrF
40

t_ wheret =R C,R, =R|R,




Example 11.5: (Cont.)

Let v, (t) =5cosw,t +0.5cosw,t, w, =2p >3Kk,w, =2p 16K
H(jw,)=0.64D - 37°,H(jw,) =0.19D - 76°

v, . (t) = 3.2cos(wt - 37°) +0.095cos(w.t - 76°)

(10% ® 3%)




Bandpass and Notch Filters




Bandpass and Notch Filters

e Ideal bandpass filter, ideal notch filter (band-reject

filter), lower cutoff frequency, upper cutoff frequency
and bandwidth.

a(w) Notch
X | X otc
bandwidth
—| Passband [«=—B —> ~— B
0 ;] 0 ®; O,
lower cutoff 9her cutoff
(a) Ideal bandpass filter (b) 1deal notch filter




Quality Factor

e Second order bandpass filter and quality factor.
Hy () = - K(Ww,/Q)s :
s°+ (W, / Q)s+w,
Q=w,/2a (a: damping coefficient)
when underdamped:a <w, (i.e., Q >1/2)
1
407

W, .
P, P, =- %i jWO\/l-

‘ p1‘ — ‘ pz‘ =W,
Pp, =180°-y ,Dp, =180° +y
y =cos *(1/2Q)




Quality Factor
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(a) Pole—zero pattern for
second—order bandpass filter
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(b) Pole movement as Q changes
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Quality Factor

midband gain

: K
Hpp (JW) = o W G
1+J'Q§ - =
Wo Wg

K
0 o B,W)= _
J B w0

P w

Q=3

EGNWO

qbp (W) =- tan ng W g




(-3 dB) Bandwidth

u

wandwlatQé B

a,, W) = a,,(w,) =K /2

Q>1/2 (for bandpassfiltering)  ©

B <<w, P narrowband

_ 1w,
Wu’WI _WO 1+ 2i ) "\
4Q°  2Q hlghQ:Q:E03 10
W
B=w - W, =_0 W, 1
u W, W »wW,x—=w,+—B

W, W, =W, (geometric mean) (approximately symmetric)




Second-Order Notch Filter
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- 3B bandwidth: — < We- W) _ K = K
wW2- w2+ o gy WMo 2 1EjA
Q w;-w
W

B=-0
Q




Second-Order Notch Filter




Table 11.3

TABLE 11.3 Simple Fliters

Type Transfer Function Pruptrtits
_ R a(0) =
LﬂWpaSS Hfﬂ — g w, Er,.' } o R’f"v’r
. K a(e) = K
. a(w,) = K|\V2
Klwy/Q)s alw,) = K
B H(s) = - ?
1n-::lpass (5) e {WQHQ}' + 'ﬂﬂﬁ R o= MDIQ
Notch H(s) = i E{TUJ Pl
g mu;Q

st + [mﬂfQ}J + w}

E— =




Resonant Circuits

e Resonant circuits for bandpass and notch filters.

i
Uno no

+ _ —>
fg\ I( ° .
Uin ¢ + iin
Revbp Reéibp L@ C ==
° &
(a) (b)

Q=1°
2a

For aseries RLC network : Q,, ° Wl _ 1 _1 \F
R wCR R\C

Foraparallel RLC network: Q_, ° w,CR= A R\F
w,L L




Resonant Circuits

Rs
Uno \lbp: L
) S - Vie 24Rgop 1
L C L LC
Vin +
- R vy y S*ic
\lin SZ+_S+i
L LC
(a) 1 Qu
b:O,K:l,WO: 1 ,Q:I’Q




Winding Resistance (refer to 6.4)

Lin 'no Lin 'no
— — —1 >
0, ¢ ¢ O ® ¢ ¢
< Ry
ibPJ}-,ZR - C ibpé?ﬁ’ 2Rpar @L —C
S L
O ® ® o, ® ® .
(a) Parallel network with (b) Equivalent network for = @,
winding resistance
If R, <<w,L, R, =L/CR,

Qpar :WOC(W‘Rpar)/WoL
Q.. . notchwidth-




Example 11.6: Design of a Bandpass

Filter (Paralléel)

Require bandpass : 20kHz + 250Hz
Given L=1mH,R, =1.2W, find Cand R
w, _ 20K
= = =40 (w, ® center frequenc
Q 3 500 (W equency)
Q. =Q=40
1

2
W, L

RIR,. = Qw,L =5.03kW
R, =L/CR, =13.2kW
R =8.13kW

C= =63.3nF




Bode Plots




Bode Plots

e Amplitude ratio and frequency are converted to a
logarithmic scale.

e Factored functions and decibels:
H(s)=KH, (s)H(s) -
aw) =[H(jw)|=|Kla, (W)a, w)--
l\z;(w):? 20loga(w) :20Iog\K\+20Ioga1(w)+20Ioga2(w)+---

?’ - KdB + gl(W)+ gz(W) L /OO or +180°
dB gain _ CN
gWw)=PH(jw)=bK +q1(w) +q2(w) ¥...




Amplitude vs. dB Gain

Amplitude| 10 21/2 2-V2 1 1/2 | 1/10
ratio
GanindB| 20 3 -3 -0 -20




First-Order Factors;

Ramp Function
Highpass Function
L owpass Function




J
H (SW)° =P H, (jw;W)=
(SW)° =P H, (jw:W) = =

Ramp Function

W

W poo°
W

g, (W;W) = 20Iog%, g, (W,W) =90°

20 _ -
/ 8@ W) t20d8_2,
~
|
|
|
/ |
g (@; W), dB 0 174 |
/ 0 dB |
/VUV 10W
—> |<— ctav
/ BaE— Decade
20 v
0.1W W 10W




Highpass Function

Hip(SW)© > b H, (jW,W)° JW/W)
s+W 1+ j(w/W)

W .
If —<<1 1+ |(W/W)>»1
w L I w/wW)>
) . W
th(jW;W) » JW
W 0
ghp » ZOIOgW,th — 90 , W < OlW
W
if —>>
W 1,

P H_ (JwW)»1
ghp » OdB,th : ,W >1()\N




90°

th(tft); W) 45°

OO

Highpass Function

0.1W 0.5W W', 2W 10W

Low-frequency
asymptote

High-frequency
asymptote

120 dB/decade a w=W (corner/break frequency)

I S S High-frequency

Low-frequency : asymptote
asymptote | . \
| R °
0.1W 0.5W W, 2W 10W o




Table 11.5: Correction Terms

TABLE 11.5 Asymptote Correction Terms for H,,

and H,,
w|W 0.1 0.5 1 2 10
Ag (dB) 0 -1 —13 -1 0

i
A -6 +5 () —5 0




L owpass Function

W 1

H,(SW)° b H, (jw;W)° —
IIO( ) S+W Ip(J ) 1+ J(W/W)
Jip » OdB,qu » 0%, w < 0.1W

g, » - 20l0g .0, =-90° W >10W

g, » - 3dB,q, = - 45°,w =W (break frequency)




L owpass Function

0.1W 05w W 2W 10W
0 | | p
gpl; W) -10 —
-20 dB/decade
_20 -

Blp(w ; W) —45¢°

-90°




if H(s)=H,'(s)
H(jw) =H,'(jw) =a'Bmq,
gw)=m" g,(w)
g(w) =m" q,(w)




Example 11.8: An lllustrative Bode Plot

, 2

(+207__ 12 S 0 - g1n;2(s200)
10s 10es+200g

g(w) = K - 29, (W;200)

q(W) =PK - thp(W,ZOO)

K, =-20dB,DK =+180°

H(S):-




Example

40 dB

~2g),(®@; 200) 20 dB
0 dB

0°

~26),,(@; 200)  -90°

-180°

+20 dB
gw) 0dB
-20 dB
180°

6(w)  90°

Oo

11.8: (Cont.)

\‘\‘—40
i
N
N_O
.
0
L
5
-
20 100 200 1000 2000
(a) Asymototes and correction terms
N
N
\
N
.
P
——
P i
——
20 100 200 1000 2000

(b) Final curves




First-Order Bode Plots

e Products of first-order factors: Bode plots of
any transfer functions consisting entirely of
first-order factors and powers of first-order
factors can be constructed using the additive
property of gain and phase. The important
elements include: break frequencies,
asymptotic gain and phase using straight line
approximations and constants « g andek.




Example 11.9: Frequency Response of
a Bandpass Amplifier

20,000 s _ 20,000 S 400

H (s) = = =30H,(s)H,(s)
(s+100)(s+ 400) 400 s+100 s+400 _w p
K =340B e ,
Hp,0(s;100) ~ H, o(S;400)

10 50 100 200 [400 [800 |4000

Dgy 0 |1 |3 |1 |0 o |0

Dg, |0 (0 |0 |1 |3 -1 |0

Sim 0 |1 |3 |2 |3 |1 |0
(dB)




Example 11.9: (Cont.)

0 dB
LA
1+ 82 A~ N 56
7120 '
-20 dB - \
90° |-t
r-\‘*-..‘__‘ 91
"d\\ T
91 + 92 Oo ~ =
/{ i |~
92 IS
\"“‘“-...
-90° |

10 40 100 400 1000 4000




Table 11.6

TABLE 11.6

w 10 50 100 200 400 800 4000
Ag 0 e ] -3 -1 0 0 0
Ag, (0 0 0 = =3 -1 0
Sum (dB) 0 =] 3 - -5 =] 0
Af -6 +5 0 5 —4 43" 0
Af, - =3 +4 +5 0 -5 +6

Sum () — (5 + 2 + 4 0 — 4 - +6




Example 11.9: (Cont.)

34 dB Pl
' ¥ N
A ™,
| Ty
g(w) B >
14 dB WO W =Pk -
000 = —rh=ArSach
\\
0 (w) Q°
~90°

10 40 100 400 1000

4000

@




Second-Order Bode Plots




Quadratic Factors

e Quadratic factors for complex-conjugate poles.
W2
H q (51 WO’ Q) 0

0
s*+ (W, /Q)s+w,

1
1 (Wwg)? + W/ Qu,)
H,(JW;w,, Q) » 1, w <<w

H,(Jw;w,, Q) °

» - (W, /W) %W >>w,
d, » 0dB,w < 0.1w,
» - 40log(w/w,),w >10w,
=2010gQ = Qup W =W,
16 W

=10lo ,— =0.5,2
= g9+4/Q2 W,




Quadratic Factors

20 dB
h 4——-Q= 10
2
O dB
1
2 0.5

-40 dB

O.l(DO C!JO
0°

].O{DO

6, -90°

-180°




Quadratic Factors

-40 dB

ﬂQdB
AR
\
Ay
0 dB __L\ \
N\
\-l
\\
X
A
-40
\
@0

0.10)0

100)0

Damping ratio:
1 a

Z:—:—
2Q w,

z =1:critical damping
Z <1:under damped




Example 11.10: Bode Plot of a
Narrowband Filter

20s W 1
w,=1000="92=57 =" =01
s? +20s+10* " ° Q 20

W =w, =100 for theramp function

_ 207100 s 10"
H(s) == : :
10" 100 s®+20s+10
g(w) = - 14dB+ g, (w;100) + g, (w;100,5)
g, = 20log5=14,w =100
K = -14dB
Dg, =10logl.75=2.4dB,w = 50,200

H (s) =

=0.2H, (s100)H ,(s;100,5)




Example 11.10:; (Cont.)

O dB
—-14 dB
g(a}) j/"\\
N
N
+20 _20
-24 dB
10 100

1000




Chapter 11: Problem Set

e 2,6,19,22,30,35,52,59,64




